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Multi-stage programming lets programmers write meta-programs that generate efficient code. Staging is typ-
ically realized either as a language primitive with quotations and splices (e.g., MetaML and its descendants),
or as a library embedded in a host language (e.g., Lightweight Modular Staging). Unlike quotation-based ap-
proaches, practical library-based systems combine staged evaluation with automatic let-insertion to preserve
evaluation order, along with optimizations that improve residual code. Despite their popularity and practi-
cal importance, this combination has received little semantic treatment, making it difficult to reason about
correctness or to compare systematically with other staging paradigms.

Using functional programming techniques, this pearl illuminates the operational aspects of staged evalu-
ation with automatic let-insertion and optimizations as found in library-based staging systems. For a core
two-stage language, we develop a series of definitional interpreters that concisely describe staged evalu-
ation generating optimized, let-inserted residual programs. The interpreters are written in the extended
continuation-passing style, where two continuations naturally account for let-insertion. With minor refac-
toring, we showcase a suite of optimizations, ranging from simple constant propagation/folding, common
subexpression elimination, and dead-code elimination to more involved optimizations such as f-inlining,
partially-static data, and code motion. Each optimization is presented as a small, modular extension inte-
grated into staged evaluation, requiring neither additional effort from the meta-programmer, nor complex
post-hoc compiler infrastructure.
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1 Introduction

Multi-stage programming (MSP) [87, 88] provides a principled way to write code generators that
reuse the abstraction mechanisms of a host language while enabling programmer-controlled op-
timizations. By controlling which parts of a program are evaluated at compile time and which
are deferred to runtime, programmers can construct meta-programs that produce new programs
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specialized to known inputs [26, 44]. MSP has been widely used to implement domain-specific lan-
guages (DSLs) or compilers [28, 57] with type-safe high-level interfaces and low-level performance
(e.g., [49, 65, 73, 89, 95, 96]).

Staging Interfaces and Implementations. At the very surface level, MSP systems differ along two
closely related axes: how staging intent is expressed in programs, and whether staging is provided
as a primitive language feature or as an embedded library.

In language-based systems, staging is typically built into the host language through primitive
constructs such as quotation, splicing, and run, as exemplified by MetaML [87, 88] and its descen-
dants, such as MetaOCaml [13, 50, 51], (typed) Template Haskell [59, 78, 100], Scala 3 [80, 81],
and recent research calculi [15, 101]. This design seamlessly integrates staging directly with the
language, making code values and staged computation first-class concepts. However, with quo-
tation/splicing, staging intent is expressed syntactically and explicitly: programmers intersperse
quotations and splices throughout the program, and must reason carefully about effects and eval-
uation order across stages. In particular, quotation/splicing may delay or duplicate effects [40, 41],
and preserving the intended evaluation order often necessitates explicit let-insertion [52, 90, 102].

Library-based systems take the practical route: instead of introducing new syntax, staging is
embedded in the host language by reusing its abstraction and binding mechanisms (e.g., HOAS
[14, 67]). Running a host-language program with the library performs the static computation and
constructs the representation of the generated code. This approach is exemplified by Lightweight
Modular Staging (LMS) [74, 75] and adopted in systems such as Delite [82], Spatial/Argon [53],
Squid [65, 66], Buildlt [10], and various embedded DSL libraries and compilers [3, 39, 45, 60].
Library-based approaches often provide automatic let-insertion to preserve the intended order
of effects [19, 33, 46, 55, 65, 70], relieving programmers from manually managing let-bindings.

A limitation of library-based approaches is that staging may not integrate seamlessly with all
host language features and can introduce repetitive boilerplate in the meta-program. Moreover,
libraries are often tightly tied to specific host language implementations (e.g., virtualization [61, 72]
or macros), which complicate maintenance and evolution as the host language itself evolves.

By reusing host language abstractions, library-based approaches can flexibly implement a vari-
ety of surface interfaces to express staging intent. In LMS, for example, staging is largely expressed
through type-based annotations, often requiring only minimal changes to the original program. On
the other hand, quotation and splicing are also possible via macros [65, 66]. However, different sur-
face staging interfaces are less fundamental in the internal implementations than they appear from
the surface. Both LMS-style type-based annotations and MetaML-style quotation/splicing can be
elaborated into two-level terms that explicitly encode binding-time information [10, 51, 70, 74],
tracing back to the foundations of two-level functional languages [63].

Optimizing Object Code. Orthogonal to the choice of staging interface, a crucial aspect in MSP sys-
tems is generating optimized object code. These optimizations can be generic or domain-specific,
and are essential for achieving competitive performance. A simple example is constant folding,
such as simplifying <1 + 1> to <2> (with angle brackets denoting object code), or f-inlining an
object-level function application.

There are several approaches to achieving this: (1) The host language or library can apply
programmer-invisible optimizations over object code, e.g., by lifting existing optimizations to the
generated code. We call these intrinsic optimizations because they are built into the staging sys-
tem and need not be invoked explicitly. (2) The language/library can provide intensional analy-
sis [15, 81, 93], allowing meta-programmers to inspect and transform object code to implement
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domain-specific optimizers. (3) Orthogonally, the meta-program itself can be constructed to im-
prove binding times [17, 24, 103]. This approach often requires careful meta-program structuring
to shift more computation to earlier stages, leaving object-code generation as the final step.

In the first approach, language-based staging systems (e.g., MetaOCaml) typically do not directly
optimize code objects during construction. Instead, optimizations can be applied offline, delegated
to the downstream host compiler after object code is generated. In contrast, library-based frame-
works (e.g., LMS) use richer internal representations of object code and perform online optimiza-
tions during staging, in addition to any downstream optimizations. These optimizations may be
generic, such as constant folding, common-subexpression elimination, and dead-code elimination,
or domain-specific, implemented by meta-programmers over the internal code representation. Sev-
eral recent staging systems [15, 66, 81] favor the second approach, exposing analytical capabilities
to inspect and transform object code.

However, as observed by Taha [85], the first and second approaches are in subtle tension. If
intensional analysis is supported within the same language, combining it with intrinsic optimiza-
tions can compromise soundness: optimizations built into the system may change the code being
inspected or transformed by the meta-programmer, thus producing different evaluation results
and rendering the combination unsound. Although one can reasonably “associate domain-specific
optimization to specific instances of the code datatype” [84, p. 152], a general combination of
object-code optimizations and intensional analysis is dangerous.

A Missing Piece. Table 1 classifies several representative MSP approaches along three dimensions:
(1) the programmer-facing interface for expressing staging intent; (2) whether staging is imple-
mented as a language feature or as a library; and (3) the mechanisms used to optimize generated
object code. It still seems premature to declare a clear winner: each approach strikes a different
trade-off between integration, expressiveness, and control over optimization. A natural question
then arises: how can these approaches be formally compared, and to what extent can they be recon-
ciled? Answering this question first requires a precise semantic understanding of each approach.

Despite extensive work on the semantics of staged languages, precise semantic accounts of popu-
lar library-based approaches with aggressive intrinsic optimizations remain understudied (Table 1).
These systems are widely used in practice [11, 89, 94, 96], yet they have received comparatively
little semantic treatment. One challenge is that they rely on host-language features, such as type-
based operator overloading or macros, to express and resolve staging intent, making it difficult to
describe their staging semantics independently. Another is that library-based approaches adopt
internal representations of object code and sophisticated staged evaluation mechanisms, such as
automatic let-insertion and intrinsic optimizations over generated code. A clean semantic account
must therefore disentangle the staging mechanisms from host-language features, while abstracting
away from intricate implementation details often shaped by ad-hoc design choices.

This Pearl. The goal of this pearl is to reconstruct the optimizing staged evaluation found in library-
based approaches as a proper language with executable semantic artifacts. We illuminate the oper-
ational aspects of staged evaluation equipped with automatic let-insertion and object-code optimiza-
tions using functional programming techniques, specifically by developing a series of definitional
interpreters and abstract machines for a core two-stage language through the lens of continuations.
Table 1 shows where this pearl fits in the landscape of different MSP approaches.

This pearl is inspired by prior work that attempted to explain LMS-style staging using stateful
evaluators [4, 70] or reduction semantics [4]. However, these accounts are either imperative in
nature (although somewhat close to the actual implementation) or stop short of modeling the
optimizations performed on object code. As a result, it remains difficult to see their functional
character and to understand how optimizations can be integrated into the staged evaluation.
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Table 1. Comparing several representative approaches to multi-stage programming.

O - quotation + splice
Interface: @ - 2-level terms
© - types

Staging as Staging as
primitives libraries

MetaML [87, 88] O
MetaOCaml [13, 51] O
MacoCaml [101] O

Offline’ _
Intrinsic optimizations (Typed) Template Haskell [59, 78, 100] O
P Mint [98] O
M 4@
Online’ This pearl @ LMS (74, 75] ©

BuildIt [10] ©

Scala 3 and A* [81] O
Moebius [42] O
Ao (1510
A [66] O

Offline” optimizations are applied once the object code is generated, typically by the downstream host compiler. 2

Intensional analysis Squid [65, 66] O

1«

“Online” optimizations are applied during object-code construction, in addition to downstream offline optimizations.

Figure 1 shows the structure of this pearl. We begin with the prior stateful evaluator for LMS-
style staging [70] (Section 2) and systematically derive a functional evaluator by applying the CPS
transformation twice [23]. The resulting artifact (Section 3) is a definitional interpreter [69] for
a core two-stage language written in 2-CPS, which expresses automatic let-insertion to preserve
evaluation order (without object-code optimizations for the moment). The interpreter is defini-
tional in the sense that, by virtue of CPS, it provides an executable semantics independent of the
host language evaluation strategy [69].

Along the way, the development illuminates the essence of LMS-style staged evaluation from
multiple perspectives and connects it to established techniques, including Flanagan et al. [33]’s
original ANF transformation, the CPS hierarchy and delimited control operators [22], type-directed
partial evaluation [19] (a.k.a. normalization by evaluation [6]), and monadic reflection [31]. Addi-
tionally, following defunctionalization [25, 69], we present an abstract machine for the same staged
evaluation strategy (Section 4), which to our knowledge has not previously been described.

Then, on top of the 2-CPS definitional interpreter, we demonstrate various object-code opti-
mizations during staged evaluation. The key insight is that with some minor bookkeeping, the
two-continuation structure can be leveraged to concisely implement a wide range of optimiza-
tions, starting from simple constant propagation/folding (Sections 5 and 7), common subexpression
elimination (Section 6), and dead-code elimination (Section 8), to non-trivial optimizations such as
B-inlining (Section 9) with ANF-renormalization [76], partially-static data (Section 10), and code
motion (Section 11). Production compilers typically apply such optimizations heuristically; here,
we abstract from heuristics and focus instead on the mechanisms that realize them within staging.

Although these optimizations are generally well-known, this pearl demonstrates that they can
be integrated directly into evaluation rather than applied post-hoc. As we will see later, several of
them are enabled naturally by the 2-CPS structure, such as dead-code elimination and code motion.
We focus on generic, domain-independent optimizations, which are transparent and free for the
programmer. Nevertheless, the mechanisms demonstrated in the pearl also provide a foundation
for incorporating complementary domain-specific ones.

In the context of optimization, we also explain why introducing intensional analyses to inspect
or transform object code can conflict with these optimizations (Section 9), following Taha [85].
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Fig. 1. Overview of this paper.

Finally, Section 12 extends the language with mutable references and recursive functions, and
demonstrates how quasi-quotations can be simulated by introducing by-name application.

Contributions and Organization. This pearl explains the essence of staged evaluation featuring auto-
matic let-insertion and various non-trivial object-code optimizations. Both automatic let-insertion
and built-in generic optimizations are crucial for practical multi-stage programming: the former
preserves the intended evaluation order of side effects, while the latter relieves the programmer
from writing their own general-purpose optimizers.

This pear]l demonstrates how these features can be elegantly integrated into the staged evalu-
ation itself, without resorting to either meta-programmer’s effort, or complex post-hoc compiler
infrastructures. Our approach is pragmatic yet rooted in the semantics, and relates different se-
mantic artifacts of the same staged evaluation through the lens of continuations. Our presentation
is pedagogical and modular: both the interpreters and optimizations are broken down into small,
independent pieces, making them accessible and amenable to further adoption.

Figure 1 shows an overview of the paper. We discuss more related work in Section 13 and con-
clude the paper in Section 14.

2 Revisiting the WadlerFest Stateful Evaluator

The starting point of our exposition is the stateful evaluator for LMS-style staging presented by
Rompf [70] at WadlerFest [58]. We first introduce a core two-stage language that will be shared
throughout the paper. Then, starting from a reconstruction of the WadlerFest stateful evalua-
tor [70], we progressively transform it to a functional one with two continuations, eliminating
the use of mutable state in constructing the evaluator.

2.1 A Two-Stage Core Language

Figure 2 shows the abstract syntax for a core two-stage language A,, defined using Scala 3 algebraic
data types. Throughout the paper, we use Scala 3 as the meta-language, but all constructions can
be readily translated to other functional languages.

The syntax is mostly standard, and we highlight a few key features here. A, has stage-annotated
constructs: applications (EApp), conditionals (ECond), and binary operations (EBin0Op) are annotated
with a stage indicator, which can be either Sta (static, or 1) or Dyn (dynamic, or 2). We do not have
explicit second-stage let-bindings, as they will be automatically inserted during the evaluation. To
communicate between stages, programmers can explicitly lift the value of an expression from the
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enum Stage:
case Sta, Dyn

enum Expr:
case ENum(i: Int)
case EBool(b: Boolean)
case EVar(name: String)
case ELam(x: String, body: Expr)
case EApp(e,: Expr, e,: Expr, st: Stage)
case ELift(e: Expr)
case ERun(e: Expr)
case ELet(x: String, rhs: Expr, body: Expr)
case ECond(e,: Expr, e,: Expr, es: Expr, st: Stage)
case EBinOp(op: String, e,: Expr, e,: Expr, st: Stage)

Fig. 2. The abstract syntax for the two-stage language A,.

current stage to the next stage (ELift), and evaluate code generated at runtime (ERun). Values such
as numbers, booleans, and A-terms are stage-agnostic, and can be lifted to the next stage.
For example, to generate an addition function specialized to a statically known argument 1, we
can write the source term in the surface syntax or as an AST:
// pseudo surface syntax: (Ax. lift(Ady. 1ift(x) +2 y)) 1
EApp(ELam("x", ELift(ELam("y", EBinOp("+", ELift(EVar("x")), EVar("y"), Dyn)))),
ENum(1),
Sta)
The staged evaluation generates code in A-normal form (ANF) [8, 33] with explicit let-bindings for
intermediate results:
let x, = (Ay. let x; =1 + y in x;) in x,
At this point, we keep the language minimal to explain the core evaluation mechanism. Later,
Section 12 extends the language with mutable references and recursive functions, and shows how
to simulate quasi-quotations by adding by-name applications.

2.2 The WadlerFest Stateful Evaluator

The WadlerFest evaluator produces a value (defined in Figure 3) given an expression and an en-
vironment. Other than standard values, we have VCode (e), which represents a piece of generated
code e as an Expr. The generated code is represented in ANF [33], where intermediate results are
named by let-bindings. To generate well-scoped code, the WadlerFest evaluator uses an additional
mutable state to accumulate let-bindings that need to be inserted into certain scopes. Figure 3
also shows the auxiliary mutable state stBlock, and key auxiliary functions used by the stateful
evaluator (Figure 4).

The first-stage evaluation (e.g., expressions with Sta binding-time) is entirely standard. The
second-stage evaluation (e.g., expressions with Dyn binding-time) deserves more attention, as it
is the core of LMS-style staging. The WadlerFest stateful evaluator [70] relies on this critical muta-
ble state stBlock, and three key functions (Figure 3): function reify takes a computation producing
a Value and generates its representation Expr; reflect takes an Expr and returns a Vatlue that repre-
sents the generated code; and 1ift takes a current-stage value and lifts it to the next stage, which
may involve reification and reflection.

For example, to evaluate a second-stage application EApp(e,, e,,Dyn) (Figure 4) where e, and e,
are both dynamic expressions, we first evaluate e, and e, to get two pieces of generated code x, and
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type Env = Map[String, Valuel
var stBlock: List[(String, Expr)] = List()

enum Value: def reflect(e: Expr): Value =
case VNum(i: Int) val z = fresh()
case VBool(b: Boolean) stBlock = stBlock :+ (z, e)
case VClo(x: String, body: Expr, p: Env) VCode(EVar(z))

case VCode(e: Expr)

def 1ift(v: Value): Value = v match def reify(f: = Value): Expr =

case VNum(i) = reflect(ENum(i)) val prev = stBlock

case VBool(b) = reflect(EBool(b)) stBlock = List()

case VClo(x, body, p) = val VCode(last) = f
val y = fresh() val e = stBlock.foldRight(last):
val t = reify: case ((x, s), acc) = ELet(x, s, acc)

eval(body, p + (x — VCode(EVar(y)))) stBlock = prev

reflect(ELam(y, t)) e

Fig. 3. Value domains, auxiliary mutable state, and key functions used by the stateful evaluator.

x,. The key invariant here is that x,/x, are object code variables referring to let-bound expressions
in stBlock, accumulated in the order of left-to-right call-by-value. Then we use reflect to construct
the residual expression EApp1(x,, x,),> and reflect will insert a new let-binding for EApp1(x, , X,)
into stBlock, and return its object-code variable. In the following, we explain how this is achieved.

Reflection, Imperatively. The mutable state stBlock has type List[(String, Expr)], which repre-
sents the accumulated let-bindings to be inserted in a certain scope. Given an expression e, function
reflect directly appends a new element (z, e) to the end of stBlock, where z is a fresh variable
name, and then returns value VCode(EVar(z)), an object-code variable referring to the newly in-
serted let-binding. In the evaluator (Figure 4), whenever we need to generate code, we always call
reflect to ensure that the generated code is bound to an object-code variable, which can be used
to construct larger expressions later.

Reification, Imperatively. Function reify takes a computation producing Value and converts it to
an Expr representing the generated code. The way reify uses stBlock corresponds to the scope of
reification. This is more apparent when lifting a A-term or evaluating 2nd-stage branches, where
we generally cannot move let-bindings out of their scopes. Therefore, in function reify, we first
save the current stBlock to prev, and reset stBlock to empty, so that any let-bindings accumulated
during the evaluation of f are only local to the scope of f. Then we force f, expecting VCode (Last)
which represents the body expression (i.e., an object-code variable) of the inserted let-bindings.
Now we have all the raw materials to reconstruct the object code by folding over the accumulated
stBlock. Finally, we restore stBlock to prev, leaving the outer scope unchanged, and we return the
reconstructed expression e.

Lifting, Imperatively. Given an expression e, the semantics of ELift(e) is to evaluate e to get a value
v, and then convert the value to the next stage. If the value is atomic, then we can directly reflect
its expression correspondence. However, if the value is a closure VClo(x, body, p), we need to
reify the closure body first and reconstruct a A-term with the reified body to be reflected. The

3EApp1(x1,x2) is the shorthand for EApp(x1,x2, Sta); similarly ECond1(...) for ECond(...,Sta).
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def eval(e: Expr, p: Env): Value = e match
case ENum(i) = VNum(i)
case EBool(b) = VBool(b)
case EVar(x) = p(x)
case ELam(x, e) = VClo(x, e, p)
case EApp(e,, e,, Sta) =
val VClo(x, body, pf) = eval(e;, p)
eval(body, pf + (x = eval(e,, p)))
case EApp(e,, e,, Dyn) =
val VCode(x;) = eval(e;, p)
val VCode(x,) = eval(e,, p)
reflect(EAppl(x,, Xx,))
case ELift(e) = 1lift(eval(e, p))
case ERun(e) = eval(reify { eval(e, p) }, Map())
case ELet(x, rhs, e) = eval(e, p + (x — eval(rhs, p)))
case ECond(e,, e,, e;, Sta) =
val VBool(b) = eval(e;, p)
if b then eval(e,, p) else eval(e;, p)
case ECond(e,, e,, e;, Dyn) =
val VCode(x;) = eval(e,, p)
val x, = reify { eval(e,, p) }
val x; = reify { eval(e;, p) }
reflect(ECond1(x;, X,, X3))

def evalTop(e: Expr): Value =
stBlock = List(); val v = eval(e, Map(Q))
if stBlock.isEmpty then v
else
val VCode(r) = v
VCode(stBlock.foldRight(r) { case ((x, s), acc) = ELet(x, s, acc) })

Fig. 4. The Stateful Evaluator for A,. Cases for EBinOp are similar to applications, thus omitted.

reification of the body proceeds under the environment p with a mapping from x to a fresh variable
VCode(EVar(y)) (in other words, normalizing the function body with a neutral argument term as
in normalization by evaluation [6]). We return by reflecting a new A-term with the reified body.

Top-Level Evaluation. Because eval is stateful, the staged evaluation that produces the final code
value returns only an object-code variable (i.e., by reflect); the actual generated code itself remains
stored in the mutable state stBlock.

The top-level evaluation function (Figure 4) reconstructs the code value if necessary. If stBlock
is still empty after the evaluation, no code has been generated and the result can be returned
directly. Otherwise, the result is expected to be a VCode value that may reference object-code vari-
ables recorded in stBlock. A sequence of let-bindings is then reconstructed from stBlock, with the
expression contained in the VCode serving as the innermost body.

Remarks. There are several ways to view the stateful evaluator. It can be understood as an online
partial evaluator [43] for an input language that is already binding-time annotated. The staged
evaluation closely mimics the process of normalization by evaluation [6] or type-directed partial
evaluation (TDPE) [19]. For example, when lifting a closure value to a next-stage A-term, we “nor-
malize” its body with a neutral argument term. The auxiliary functions reflect and reify perform
an on-the-fly ANF transformation, and are an instance of monadic reflection [31].
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The mutable state stBlock serves as an internal representation of the residual program, analo-
gous to the graph-based IR used in LMS [9], while the folding step in reify reconstructs residual
code from this internal structure. The state-based technique for let-insertion was also described
by Danvy [20, Section 2.7], who attributes it to Sumii via personal communication; Sumii and
Kobayashi [83] later published a formal account.

3 Deriving Definitional Interpreters with Continuations for Staged Evaluation

While the WadlerFest evaluator is a concise direct-style implementation for LMS-style staging, its
construction is not entirely satisfactory and leaves some questions unanswered: First, the use of
mutable state to accumulate inserted let-bindings makes it hard to see its functional alternatives
or implement in other purely functional host languages. Second, it is not clear whether any opti-
mizations to object code can be straightforwardly integrated into the stateful evaluator, which is
one of the crucial aspects of LMS-style staging.

Of course, one could always use a state monad (or explicit state passing) to thread the inserted let-
binding store, but this introduces substantial plumbing and obscures the structure of the evaluator.
We instead pursue a different route that exploits the hidden control structure of the stateful eval-
uator, gradually making it explicit by transforming the evaluator into continuation-passing style.

In this section, we first transform the stateful WadlerFest evaluator into one with a single de-
limited continuation, and then one with two continuations (i.e., a 2-CPS evaluator), eventually
eliminating the use of mutable state in constructing the evaluator. The 2-CPS formulation con-
nects naturally to delimited control and the CPS hierarchy [22]. We also present its direct-style
counterpart expressed using delimited control operators [22], which have been used to implement
type-directed partial evaluators with let-insertion [21, 32].

3.1 Transforming to 1-CPS

Our derivation starts from a key observation: let-insertion in reflect is deliberately incomplete
- the function only records the binding and returns the fresh variable, yet does not construct a
full let-expression on its own; instead, the caller of reflect finishes constructing the body of the
let-binding, which corresponds to the continuation of the current object-code generation scope.
The actual let-expression is assembled only after reifying an entire scope, such as the body of a
lifted A-term or a branch of a second-stage conditional.

This observation naturally suggests transforming the evaluator into CPS by making the con-
tinuation explicit in reflect. The continuation receives the freshly generated code variable and
produces the residual code for the enclosing scope.

Reflection with 1 Continuation. Concretely, instead of returning a fresh variable VCode (EVar(...))
directly, we pass it to the continuation k of type Value = Value, which completes the generation
of the let body:
def reflect(e: Expr, k: Value = Value): Value =

val z = fresh()

val VCode(t) = k(VCode(EVar(z)))

VCode(ELet(z, e, t))
Introducing continuations shifts the job for constructing complete let-expressions from reify to
reflect. Because reflect now expects an explicit continuation to finish evaluation, the evaluator
itself must also be transformed into CPS. The following snippet illustrates the dynamic application
case in eval: we first evaluate the function and the argument, and then pass the generated code to
reflect, which uses the current continuation to receive the object-code variable for the application
EAppl(x;, X,) in the residual program.
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def eval(e: Expr, p: Env, k: Value = Value): Value = e match
case EApp(e,, e,, Dyn) =
eval(e,;, p, { case VCode(x;) =
eval(e,, p, { case VCode(x,) =
reflect(EAppl(x;, X,), K) }) 1)
// other cases omitted ...

Reification without Continuation. Then, what about reification? In the stateful version, reify takes
a thunk, evaluates it, and manages the surrounding mutable state that delimits the scope of let-
insertion. With a single continuation, this auxiliary state is no longer needed. If we look at how
reify is used in the stateful evaluator, we can see that it is always called to evaluate a term. With
continuations introduced, we now specialize reify to this behavior under the identity continuation,
which itself delimits the evaluation scope, i.e., the extent of code generation when evaluating e:
def reify(e: Expr, p: Env): Expr =
val VCode(t) = eval(e, p, Vv = V)
t
Now, reify becomes much simpler and no longer relies on mutable state to control the scope of let-
insertion. In the following, we show the case for 2nd-stage conditionals, which involves reifying
branches to code values:
def eval(e: Expr, p: Env, k: Value = Value): Value = e match
case ECond(e,, e,, e;, Dyn) =
eval(e,, p, { case VCode(x;) =
val x, = reify(e,, p)
val x; = reify(e;, p)
reflect(ECond1(x;, X,, X3), K)
)

// other cases omitted ...

Lifting with 1 Continuation. The lifting function also translates naturally to CPS: when reflecting
newly generated code, we simply forward the continuation to reflect. Because the current scope
is not yet complete, reflecting new object code reuses the evaluation continuation rather than
closing the scope. When lifting a A-term, we use reify to evaluate the function body under an
extended environment. In the main evaluator, we call 1ift with the current continuation.
def 1ift(v: Value, k: Value = Value): Value = v match

case VNum(i) = reflect(ENum(i), k)

case VBool(b) = reflect(EBool(b), k)

case VClo(x, body, p) =

val y = fresh()
val e = reify(body, p + (x — VCode(EVar(y))))

reflect(ELam(y, e), k)
def eval(e: Expr, p: Env, k: Value = Value): Value = e match
case ELift(e) = eval(e, p, v = Llift(v, k))
// other cases omitted ...

Remarks. This transformation eliminates the mutable state from the evaluator, making let-insertion
functional via continuations. Using a single continuation effectively reconstructs the classical ANF
transformation of Flanagan et al. [33]. In particular, our reflect function corresponds closely to
their normalize-name function [33, Appendix A and Figure 9], which introduces a fresh name and
passes it to the continuation that builds the body of the let-binding.
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3.2 Further Transforming to 2-CPS

The evaluator derived in the previous section implements the same staged semantics as the stateful
version, but it is not yet fully in CPS. In particular, the continuation call inside reflect is not in tail
position, since the complete let-expression must still be assembled afterward. Likewise, the calls
to reify in eval and 1ift are not tail calls.

This observation leads to a further CPS transformation, introducing an additional meta-continua-
tion. After this transformation, all control flow is explicit and every call occurs in tail position,
yielding a definitional interpreter in the extended continuation-passing style (i.e., 2-CPS). A key ben-
efit of this fully CPS-transformed interpreter is that it faithfully enforces our call-by-value staged
evaluation regardless of the evaluation strategy of the host language [69]. This property is partic-
ularly important when the host language is non-strict, such as Haskell.

Reflection with 2 Continuations. We start from the reflect function, which after the transformation
takes a continuation of type Cont and an additional meta-continuation of type MCont. We also define
the answer type Ans to be Value.
type Ans = Value
type MCont = Value = Ans
type Cont = (Value, MCont) = Ans
The continuation k still receives the freshly generated code variable, and produces the body of
the let-binding to the meta-continuation. The meta-continuation completes the let-expression and
forwards it to the outer continuation y, making all control flow explicit and tail-positioned.
def reflect(e: Expr, k: Cont, y: MCont): Ans =
val x = fresh()
k(VCode(EVar(x)), { case VCode(t) =
y(VCode(ELet(x, e, t)))
)

Reification with Only the Meta-Continuation. The job of reification is merely evaluating an expres-
sion, whose result is expected to be an object-code value, and it does not need to manage the scope
of let-insertion anymore. As in the 1-CPS version, we use the identity continuation to delimit the
scope, but here it forwards the resulting value to the meta-continuation.

def reify(e: Expr, p: Env, y: MCont): Ans = eval(e, p, (x, vi) = v;(xX), V)
However, we still need to provide a meta-continuation to reify, which determines how to use the
code result of reification to construct larger expressions, as we will see below.

Lifting with 2 Continuations. For atomic cases, we simply call reflect with the current continua-
tion and meta-continuation. For a closure value, we first reify the function body under an extended
environment, and provide the meta-continuation receiving the reified function body vcode(e). The
meta-continuation then constructs the residual A-term to be reflected with the current continu-
ation and meta-continuation in the evaluation.
def 1ift(v: Value, k: Cont, y: MCont): Ans = v match
case VNum(i) = reflect(ENum(i), Kk, v)
case VBool(b) = reflect(EBool(b), k, V)
case VClo(x, body, p) =
val y = fresh()
reify(body, p + (x — VCode(EVar(y))), { case VCode(e) =
reflect(ELam(y, e), k, v)
)
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We can further refactor 1ift to curry the continuation, so that 1ift (k) of type Cont can be conve-
niently used in the main evaluator as a continuation.
def 1ift(k: Cont)(v: Value, y: MCont): Ans = ... // same body as above
In the following, we demonstrate the main evaluator in 2-CPS with a few representative cases,
such as lifting, dynamic application, and dynamic conditionals:
def eval(e: Expr, p: Env, k: Cont, y: MCont): Ans = e match
case ELift(e) = eval(e, p, 1ift(k), v)
case EApp(e;, e,, Dyn) =
eval(e,, p, { case (VCode(x;), v1) =
eval(e,, p, { case (VCode(x,), y2) =
reflect(EAppl(x,, Xx,), k, y2)
vy oh oV
case ECond(e,, e,, e;, Dyn) =
eval(e,, p, { case (VCode(x;), v1) =
reify(e,, p, { case VCode(x,) =
reify(e;, p, { case VCode(x;) =
reflect(ECond1(x;, X,, X3), Kk, y1)
DBHHY
// other cases omitted ...
This interpreter can also serve as a denotational semantics for staged programs, mapping a multi-
stage expression to a function with continuations: [e]: Env x Cont x MCont = Value.

3.3 Back to Direct-Style with Delimited Control Operators

We have now fully transformed the stateful evaluator into a definitional interpreter in 2-CPS. In the
1-CPS version, the continuation is already delimited, i.e., it is not a full continuation but a function
that eventually returns; while the 2-CPS evaluator highlights its connection to extended CPS style.
We could further obtain a direct-style staged evaluator with let-insertion using shift/reset, whose
underlying semantics exhibits the same 2-CPS structure [22].

Unfortunately, our host language Scala 3 does not have native support for delimited control
operators. However, we can simulate shift/reset in monadic style [31] and use them to implement
reify and reflect as shown below. Given a return type R, Cont[R, _] isan instance of monad, and
our implementation specializes both A and R to Value. The full implementation is omitted for brevity
and is available in our artifact [97].

type Cont[R, Al = (A = R) = R

def reify(e: Expr, p: Env): Cont[Value, Value] = reset(eval(e, p))

def reflect(e: Expr): Cont[Value, Value] =

val x = fresh()

shift: k =
for case VCode(t) <« k(VCode(EVar(x)))
yield VCode(ELet(x, e, t))

In fact, earlier type-directed partial evaluators with let-insertion are implemented using delim-
ited control operators [21, Section 5.2.7] [18-20]. More recent BER MetaOCaml also uses delimited
control operators [48] to support manual let-insertion [51]. Additionally, one could implement the
let-inserting staged evaluation using effect handlers [34], which are now supported in mainstream
languages such as OCaml 5 [79].

4 Intermezzo: An Abstract Machine for Let-Inserting Staged Evaluation

All interpreters presented so far are “big-step”, and some are higher-order: they are recursively
defined functions that evaluate a source term directly to a value. Readers may wonder whether
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x,y € Var
Stage s € 12

Expr e ::= x|Axe|letx=ejiney|lifte|rune| (e e)® |-
Value v ::= codee|(Axe, p)| -
Environment p = Var =gy, Value
Continuation « = O] arg’(e, p,x) | fun’(v,«) | lift(x) | run(x) | Ac(x, k) | lete(x, €)
Meta Cont. y ::= e|yok
State S = e P> K, Y>eval | (v, x, Y)cont] [ (v, Y>cont2

Fig. 5. Syntax of the CEKM machine.

the same staged evaluation can be given a more explicit, mechanical semantics, which is easier to
implement in a low-level language even without higher-order functions. This is indeed possible,
and in this section, we briefly detour to present an abstract machine semantics for the same staged
evaluation, which we call the CEKM machine.

It is well-known that abstract machines can be systematically derived from big-step evalua-
tors via the process of CPS transformation and defunctionalization [1, 2, 25]. The CEKM machine
(Figure 5) is one such defunctionalized abstract machine for the 2-CPS evaluator presented in Sec-
tion 3.2: instead of representing continuations and meta-continuations as higher-order functions,
the abstract machine represents them as first-order data structures (i.e., stacks), and the transition
rules explicitly inspect these data structures to determine the next step of evaluation.

Syntax and State Space. We use a subset of the syntax defined in Section 3 for the abstract machine.
The base language is an untyped two-stage A-calculus extended with let-bindings, lift, and run.
Applications (e; e5)° are annotated with a stage indicator s, which can be either static 1 or dynamic
2. We may abbreviate (e; e,)! as e; e,. Values include, but are not limited to, code values code e or
closures (Ax.e, p). The environment p is a mapping from variables to values during evaluation.

Evaluation contexts are represented inside-out as continuations k. They include the empty con-
text (the hole [J), application frames arg®(e, p,x) and fun’(v,x) indexed by stage indicators, the
staging operators lift(x) and run(k) for communication between stages, Ac(x, k) for generating
second-stage functions, and letc(x, e), which marks a pending let-insertion.

Meta-continuations y are stacks of continuations, which are either empty (+) or formed by push-
ing a continuation onto an existing stack, written y o k. Notably, letc(x, e) does not itself capture
a continuation; instead, it is pushed onto the meta-continuation immediately when introduced.

The abstract machine semantics is defined as a single-step transition relation — gy on ma-
chine states ¢, which can be one of three forms: (e, p, Kk, ¥).va represents evaluating a redex,
(v, K, ¥)cont1 T€Presents applying a continuation to a value, and (v, y).ons2 represents applying a
meta-continuation. The multi-step evaluation relation — gy is the reflexive-transitive closure

of —>cExM-

Transition Rules. To form an initial state, we inject an expression e into state (e, @, [J, *),q With
the empty environment, halt continuation, and empty meta-continuation. By repeatedly applying
the transition rules, we would reach an answer state (v, ) ons2-

The first-stage evaluation rules are mostly standard, similar to the CEK machine for the call-by-
value A-calculus. In the following, we discuss several interesting transition rules and explain the
correspondence with the 2-CPS evaluator. Rules (arp) and (ArRG-x) handle left-to-right evaluation
of stage-indexed applications, pushing the continuations with their appropriate stage indicators.
For first-stage application, they will eventually be handled by (Fun1-x) when the function value
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(A'VAL) (Ax.e, P> K, Y)eval F—CEKM ((Ax.e, P>, K, y>cont1

(VAR) (x’ P> K, Y)eval F—CEKM (P(x), K, Y>cont1

(APP) ((61 eZ)s’ P> K, Y)eval ——CEKM (el’ P> al‘gs(ez, P> K)’ Y>eval
(LIFT> (Iift e p; K, y>evul F—CEKM (e, P> liﬂ(K), y>evul

(rRUN) (rune, P> K, y>evul F—CEKM (e, p L ye run(K)>eval
(LET) <[6t x=ejine, p, K, Y)eval F—>CEKM ((Ax-ez) €, ps K, )/>eval
(ARG'K) <V» args(e’ P> K)» Y>cont1 F—CEKM (e, P> funs(v, K), Y>eval
(FUN1-K) (v, fun’((Axe, PR Veonr —cmrm (€ plx = V1 K Ve

(FUN2-K) (code ey, fung(code e1,K)s Veonti +—cikm {code x, K, y o letc(x, €1 €5)) cont1
where x is fresh

(LIFT-K) <</1X.€, P>, liﬂ(K)’ Y>cont1 F—CEKM <6, /—’[x — code J’], 0, Ve 7\0()/, K)>eval
where y is fresh

(Ac-x) (code e, Ae(y, k), Y)eont1 ——cEkM  (code x, K, y o lete(x, 1y.€))cont1
where x is fresh

(RUN'K) <C0de e, run(K)» Y>cont1 —CEKM (e, 2, K, )/>eval

(LETC-K) (code ey, lete(x,e1), Y)eonsi F—cExm  (code (let x = e; iney), ¥)eontz

(APPLY-MK) (v, O, Y)cont] FcErMm (Vs Y>cont2

(POP-MK) (Vs Y oK) eontz mCERM Vs Ks V) cont1

Fig. 6. Selected transition rules of the CEKM machine.

is a closure, which transitions to evaluating the function body in the extended environment. For
second-stage application, eventually both the function and argument values are code fragments
(FUN2-K), which are subject to let-inserting a second-stage application term (explained later).

Rules (RUN) and (LIFT-K) reify a term by evaluation, while resetting the current continuation
as they delimit the scope of let-insertion. In the case of (LIFT-K), we evaluate under the A-binder.
These two rules step to a state with the empty continuation [ (recall that the reify in the 2-CPS
evaluator does morally the same) and push the current continuation onto the meta-continuation
stack. The elimination rule (RUN-K) for run applies when a value code e is provided to the contin-
uation run(k). We step to evaluating e in the empty environment assuming it is a closed program,
with the continuation k and the same meta-continuation.

Rules (FuN2-x) and (Ac-x) handle the cases where a code value is subject to let-insertion. They
pop the current continuation frame and push a pending let-insertion marker letc(x, ) onto the
meta-continuation stack where x is fresh. The remaining continuation x is unchanged, since it
forms the body of the eventual let-binding, which is not yet generated until the lete(x, e) is popped
from the meta-continuation stack via (por-mKk). The whole let-expression is formed in (LETC-K)
when a code value for the let-body is provided to continuation lete(x;, e).

Remarks. The CEKM machine resembles many aspects of the environment-based abstract machine
for the first level of the CPS hierarchy [7, Figure 7], which characterizes delimited control operators
such as shift and reset. Both machines represent meta-continuations as stacks of continuations
and iteratively pop them in the same way (ApPPLY-MK, POP-MK). In our machine, rules (Run) and
(LirT-K) effectively bake the semantics of reset {e) into the transition system. Although we do not
have an explicit shift operator, rules (FUN2-K) and (Ac-x) correspond to applying the captured
delimited continuation to a fresh variable.

For brevity, we omit the mechanical steps of the defunctionalization derivation that transforms
the 2-CPS evaluator into the CEKM machine; interested readers can refer to [1, 7, 25] for the details.
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5 Preparing for Optimizations: Refactoring and Bookkeeping

We have presented several semantic artifacts of the same let-inserting TDPE-style staged evalua-
tion, none of which yet performs object-code optimizations. In this section, we present two minor
refactorings to the 2-CPS definitional interpreter in preparation for the optimizations.

» First, we restructure reflect as a composition of small combinators, each implementing a
specific optimization. This yields a modular and extensible architecture: new optimizations
can be added by defining additional combinators and composing them with the existing ones.

» Second, we introduce a Cache data structure that tracks code generated in the current scope.
This enables optimizations to inspect and reuse residual code, which is essential for transfor-
mations such as common subexpression elimination (CSE).

Although these refactorings can be implemented on top of either the 2-CPS evaluator or the ab-
stract machine, we present them in the 2-CPS evaluator for clarity and modularity.

5.1 Refactoring to Reflect Combinators

Appetizer: Constant Propagation. We begin by motivating the refactoring with a simple optimiza-
tion: constant propagation, a common optimization that is found in almost all compilers. In the
current design (Section 3.2), reflect inserts a let-binding for every expression, including trivial
and atomic ones such as numeric literals. For example, evaluating the source term

EBinOp("+", ELift(ENum(1)), ELift(ENum(2)), Dyn)
produces the following pretty-printed residual code:

let x; = 1 in

let x, = 2 in

let X3 = X; + X, in X5.

However, a more desirable result is to propagate constant values directly and generate

let x3 =1+ 2 in X;.

This performs constant propagation during code generation, yielding more compact residual code
that is easier to optimize further, e.g., by constant folding (Section 7).

We can achieve this by modifying reflect so that it does not introduce let-bindings for atomic
expressions such as numbers. Instead of creating a fresh variable and inserting a let-binding in the
meta-continuation, we pass the atomic expression directly to the continuation while reusing the
same meta-continuation. This leads to the following revised definition of reflect:

def reflect(e: Expr, k: Cont, y: MCont): Ans = e match

case ENum(i) = k(VCode(ENum(i)), vy)
case EBool(b) = k(VCode(EBool(b)), V)
case e =
val x = fresh()
k(VCode(EVar(x)), { case VCode(body) = y(VCode(ELet(x, e, body))) })

Refactoring for Modularity and Extensibility. Reflection is one of the key interfaces for controlling
when to insert bindings of what expressions, and we will see many optimizations naturally occur
at this stage. However, if we anticipate more optimizations, we may end up with a monolithic
and complex reflect function that handles many special cases, which can be difficult to maintain
and extend. For better modularity and extensibility, we refactor to separate the logic for different
optimizations into smaller, composable units. Each optimization is expressed as a partial function
that handles only the expressions that will be optimized in a specific way. For readability, we write
the infix type operator A — B for PartialFunction[A, B] from Scala’s standard library.
type —[A, B] = PartialFunction[A, B]
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For example, given a continuation and meta-continuation, reflectAtom(k,y) is a partial function
that only matches atomic expressions and performs constant propagation as described above.
def reflectAtom(k: Cont, y: MCont): Expr — Ans =
case ENum(i) = k(VCode(ENum(i)), vy)
case EBool(b) = k(VCode(EBool(b)), v)
The function reflectDefault implements the fallback behavior when no optimization applies. It is
equivalent to the original reflect, but packaged as a partial function that matches all expressions.
def reflectDefault(k: Cont, y: MCont): Expr — Ans =
case e = ... // let-insertion as before
The final reflect function is obtained by folding over a list of such reflectors, using reflectDefault
as the base case and trying each optimization in sequence until one matches the input expression.
def reflect(e: Expr, k: Cont, y: MCont): Ans =
val opts = List(reflectAtom, ... /* optimizations extended here */)
opts.foldRight(reflectDefault(k, v)) { (f, acc) = f(k, y).orElse(acc) }(e)
It is worth noting that small reflectors can recursively call reflect to re-reflect a transformed
expression. Later, we will see that this is useful for allowing S-inlining (Section 9) and code motion
(Section 11) to trigger more optimizations.

5.2 Tracking Inserted Code

The second refactoring introduces a Cache data structure that tracks code inserted in the current
scope. Conceptually, Cache is a bidirectional map between expressions and variable names: it sup-
ports (1) looking up the variable associated with a let-inserted expression and (2) retrieving the
expression bound to a given variable. The following snippet defines Cache as an instance of BiMap,
which maintains two maps for forward and backward lookups, and an inv method to invert the
direction of the mapping:
case class BiMap[A, B](forward: Map[A, B], backward: Map[B, Al):
def +(ab: (A, B)): BiMap[A, B] = BiMap(forward + ab, backward + ab.swap)
def contains(a: A): Boolean = forward.contains(a)
def apply(a: A): B = forward(a)
def inv: BiMap[B, A] = BiMap(backward, forward)
type Cache = BiMap[Expr, Stringl
We refactor eval, reflect, reify, and the continuations with a contextual parameter Cache using
Scala 3’s using clause [64]. Contextual parameters allow the cache to be synthesized automatically,
avoiding the need to pass it at every call site and requiring only signature changes in most cases.
The cache is updated explicitly in reflectDefault, where we record the mapping from a newly
inserted expression to its fresh variable. The following shows the updated body of reflectDefault:
def reflectDefault(k: Cont, y: MCont)(using c: Cache): Expr — Ans =
case e =
val x = fresh()
k(VCode(EVar(x)), { case VCode(body) =
y(VCode(ELet(x, e, body)))
P (using ¢ + (e — x)) // explicitly pass the updated cache for x and e
Notably, the updated cache is explicitly passed to the continuation k, even though the let-expression
has not yet been assembled in the meta-continuation. This allows the evaluation of the body to
access and assume the inserted expression immediately, as if it were already in scope. The defini-
tions of other reflectors do not need to update the cache, as they do not insert new let-bindings;
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the only change is the signatures:
def reflectAtom(k: Cont, y: MCont)(using Cache): Expr — Ans = ... // same as before
def reflect(e: Expr, k: Cont, y: MCont)(using Cache): Ans = ... // same as before
The continuation type is changed accordingly to indicate that Cache can be passed implicitly.
The meta-continuation type remains unchanged, since it does not require access to the cache:
type Cont = (Value, MCont) = Cache ?= Ans // ?= indicates Cache is contextual
type MCont = Value = Ans

6 Optimization: Common Subexpression Elimination

With Cache tracking generated code, we can readily implement common subexpression elimination
(CSE) by simply looking up the cache before generating new code for an expression. For example,
without CSE, it is possible to generate the code that duplicates the same expression:

let x, = ... in

let x; = x, + 1 in

let x, = X, + 1 in

let x3 = x; * x, in ...
and CSE allows reusing the previously generated code for x,+ 1 and generating more efficient
code by eliminating the redundant computation:

let x, = ... in

let x; = X, + 1 in

let x3 = X3 * x; in ...

To achieve this, we first define an extractor object [29] CachedExpr that checks whether an ex-
pression is pure and already exists in the scope. If so, it returns the let-bound object-code variable
(Evar); otherwise, it returns None.

object CachedExpr:

def unapply(e: Expr)(using c: Cache): Option[EVar] =
if (e.isPure && c.contains(e)) Some(EVar(c(e)))
else None

Then we can pattern match on the expression using CachedExpr in the following reflectCse
combinator. If the pattern matches, we know x is an object-code variable that has been generated
in the current scope for the same pure expression before, and we directly continue with VCode (x)
without generating new let-bindings.

def reflectCse(k: Cont, y: MCont)(using c: Cache): Expr — Ans =

case CachedExpr(x) if Opt("cse") = k(VCode(x), v)
Note that reflectCse only needs to handle the case guarded by this pattern, and the general
reflect function (Section 5.1) will call other reflectors if the pattern does not match. We also use an
auxiliary flag Opt("opt-name"): Boolean to check whether the optimization is enabled, controlled
by the programmer.

CSE is a generic optimization and we do not restrict the syntactic form of the eligible common
subexpressions. However, we assume that there is a heuristic or dependency analysis to determine
whether an expression is pure, thus avoiding the unsound omission of side effects. A conservative
one would be to only consider arithmetic expressions as pure, which is common in practice.

7 Optimization: Constant Folding

Like CSE, constant folding can be implemented as a small reflector that pattern-matches expres-
sions with constant operands. A typical example is folding second-stage arithmetic whose operands
are known constants. We begin with an extractor StaticConst that recognizes literal constant ex-
pressions, as well as variables that are let-bound to literals:
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object StaticConst:
def unapply(e: Expr)(using c: Cache): Option[Value] = e match

case ENum(i) = Some(VNum(i))

case EBool(b) = Some(VBool(bh))

case EVar(x) if c.inv.contains(x) = StaticConst.unapply(c.inv(x))

case _ = None
Using the code cache (note that c.inv is a map from object variables to expressions), we can recur-
sively look up the cache to check whether a variable is let-bound to a constant expression. This
makes the extractor robust even in the absence of explicit constant propagation.

Using this extractor object, we can detect binary operations whose operands are static and eval-
uate them during reflection. The primitive operation is computed at the first stage using auxiliary
function evalPrim, and its result is re-reflected as second-stage code:

def evalPrim(op: String, vy: Value, v, Value): Valuve = ...

def reflectFolding(k: Cont, y: MCont)(using c: Cache): Expr — Ans =

case EBinOp(op, StaticConst(v;), StaticConst(v,), _) if Opt("cst-folding") =
evalPrim(op, v, v, match
case VNum(i) = reflect(ENum(i), k, v)
case VBool(b) = reflect(EBool(b), k, V)
This optimization applies only when all operands are static. In Section 10, we generalize the

approach to partially-static data.

8 Optimization: Dead-Code Elimination

Dead-code elimination (DCE) is a useful optimization for reducing code size. Our staged evaluator
currently introduces let-bindings to name intermediate results, but some of them may turn out to
be unused. Eliminating such dead bindings would reduce code size and expose further optimization
opportunities. We will show that DCE can be implemented in a surprisingly simple way using 2-
CPS, which would be significantly more cumbersome in the WadlerFest evaluator (Section 2).
Unlike the stateful evaluator (Section 2), which unconditionally inserts a let-binding and returns
its fresh second-stage variable, the 2-CPS interpreter gives us a chance to inspect the generated
body before committing to the binding. To implement DCE, we as usual first provide the continu-
ation with a fresh variable VCode (EVar(x)). The meta-continuation then receives the constructed
body and can check whether x actually occurs. As with CSE, we assume a purity analysis to iden-
tify whether an expression is eligible for DCE. Since we eliminate only pure dead code and all
variables are freshly generated, it suffices to examine data dependencies via free variables. If x
does not occur in the body, the binding can be skipped; otherwise, we proceed with let-insertion
as usual:
def reflectDce(k: Cont, y: MCont)(using c: Cache): Expr — Ans =
case e if Opt("dce") && e.isPure =
val x = fresh()
k(VCode(EVar(x)), { case VCode(body) =
if (!body.freeVar(x)) then y(VCode(body))
else y(VCode(ELet(x, e, body)))
F(using ¢ + (e = x))
This works precisely because the continuation k is delimited: it corresponds exactly to the scope of
x, and we always delimit the boundaries such as second-stage functions or conditional branches.
Without 2-CPS, implementing DCE would be significantly more cumbersome. In the stateful
evaluator (Section 2), removing an unused binding would require non-trivial backtracking over
the mutable state. Or alternatively, one would need a separate post-hoc DCE pass that analyzes
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dependencies over the entire residual program. In contrast, the 2-CPS structure supports dead-code
elimination locally and compositionally during evaluation.

9 Optimization: Inlining with Renormalization

Function inlining is a central optimization for functional programs: it replaces a call with the
body of the callee, potentially exposing further simplifications. However, different from previous
optimizations focused on a single expression, inlining involves code blocks consisting of multiple
let-bindings. In the following, we explain how this can be implemented with only a handful of
lines of code using continuations.

Non-Solution: Naive -Inlining. Given our infrastructure, it appears to be straightforward to imple-
ment f-inlining optimization. We first define an extractor object StaticLam that recognizes static
A-terms, either syntactically or retrieved from the cache.
object StaticLam:
def unapply(e: Expr)(using c: Cache): Option[ELam] = e match

case e@ELam(_, _) = Some(e)

case EVar(f) if c.inv.contains(f) = StaticLam.unapply(c.inv(f))

case _ = None

We then pattern-match applications whose function part is static, and if so we invoke the current
continuation with the function body substituted with the argument:

def reflectNaiveInline(k: Cont, y: MCont)(using c: Cache): Expr — Ans =

case EApp(StaticLam(ELam(x, body)), arg, _) if Opt("fun-inline") =
k(body.subst(x, arg), k, vy)

Here directly substituting the argument is safe, as it is either a variable or an atomic value.

Unfortunately, naive f-inlining breaks the ANF of generated code. ANF is not closed under the
usual S-reduction [47, 76]: the right-hand side of a let-binding cannot be another nested let-binding.
Consider the following example obtained by directly inlining the function f at the call-site:

// before the inlining optimization:

let f = Ax. { lety =x+1diny } in

let r = f(2) in

let z=r % 3 in z

// naive inlining f at the call-site f(2) leads to:

let f = Ax. { lety =x+1diny } in

let r =lety=2+1iny in

let z=r * 3 in z

The resulting term is no longer in ANF. One option is to switch to monadic normal form [37],
which relaxes this restriction. Or alternatively, we can restore ANF by renormalizing the inlined
code. We showcase the latter approach that can be elegantly implemented with continuations.

B-Inlining with Renormalization. The so-called renormalization essentially “re-reflects” every let-
binding of the inlined body at the call-site. The function renormalize assumes its input Expr is
already in ANF and recursively replays reflection. In the continuation of reflecting the right-hand
side of a let-binding, we obtain the fresh variable y referring to the re-reflected expression, and
before renormalizing the body, we need to substitute the old variable x with y:
def renormalize(e: Expr, k: Cont, y: MCont)(c: Cache): Ans = e match
case ELet(x, rhs, body) =
reflect(rhs, { case (VCode(y), v;) = renormalize(body.subst(x, y), k, v{) }, V)
case _ = k(VCode(e), v)
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Because renormalize delegates to the top-level reflect, all existing optimizations are automati-
cally applied during reconstruction. Inlining with renormalization is therefore just a substitution
followed by renormalization:
def reflectInline(k: Cont, y: MCont)(using c: Cache): Expr — Ans =
case EApp(StaticLam(ELam(x, body)), arg) if Opt("fun-inline") =
renormalize(body.subst(x, arg), k, v)
With renormalization, the earlier example is now optimized as follows. The downstream use of
receiving variable r is substituted with the inner-most body of function f.
let f = Ax. { lety =x+1diny } in
let y =2+ 1 in
let z =y % 3 in z
Further constant folding and dead-code elimination will simplify it to object code 9. Renormaliza-
tion also applies to simplification of conditionals. When a branch can be chosen statically, we need
to renormalize the selected branch:
def reflectCondSimp(k: Cont, y: MCont)(using c: Cache): Expr — Ans =
case ECond(StaticConst(VBool(b)), e,, ey, _) if Opt("simp-cond") =
if b then renormalize(e,, k, y) else renormalize(e;, k, v)

Detour: Conflict with Intensional Analysis. So far, we have used some analyses over the reflected
code to guide optimizations, but these analyses are not exposed at the source level. In some sit-
uations, it would be desirable to let programmers perform such intensional analysis themselves
and inspect the structure of generated code in the same language. However, exposing object-code
structure conflicts with our built-in optimizations: a program could observe differences between
optimized and unoptimized code and change its behavior accordingly, leading to unsoundness. We
illustrate the issue following Taha [85].

Suppose we add a construct EIsApp(e) that tests if e evaluates to a second-stage application.
Using our existing infrastructure, this construct can be implemented by looking up the code cache:

def isAppCont(k: Cont)(v: Value, y: MCont)(using c: Cache): Ans = v match

case VCode(EVar(x)) = c.inv(x) match
case EApp(_, _, _) = k(VBool(true), v)
case _ = k(VBool(false), v)
case VCode(_) = k(VBool(false), v)
We define an auxiliary function isAppCont that inspects the evaluated value of e. In isAppCont,
because applications must be let-bound, any non-variable code cannot be an application, so we
immediately return false. Otherwise, we look up the current cache to check whether the object-
code variable binds to an application. Note that given a continuation k, isAppCont (k) has type Cont,
therefore the evaluation case for EIsApp(e) can be implemented by evaluating e with isAppCont (k)
as the continuation.

def eval(e: Expr, p: Env, k: Cont, y: MCont)(using Cache): Ans = e match

case EIsApp(e) = eval(e, p, isAppCont(k), v)
// other cases unchanged and omitted ...

Now consider the following program written in the pseudo surface syntax which constructs a
second-stage application (both the function and argument are lifted, and @ denotes second-stage
application), and inspects it with isApp.

Tift(isApp(Lift(Ax. x) @ 1ift(42)))

Our staged evaluator (i.e., compiler) may legitimately choose to inline the application or keep it
as an application. Thus, depending on the optimization decisions made by the compiler, the above
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program may yield both true and false! In other words, optimization could change the result of
evaluation, rendering the transformation unsound.

As Taha [84] noted, the tension between general intensional analysis and intrinsic optimizations
does not rule out domain-specific optimizations for particular code datatypes. Exploring how to
support such domain-specific optimizations within our framework is left for future work.

10 Optimization: Simplifying Partially-Static Data

Constant folding described in Section 7 works well when all operands are statically known, for
example 2 + 3. However, expressions such as (2 + x) + 3 contain both static components, such
as 2 and 3, and dynamic components whose values are not known at the current stage, such as x.
Such expressions are instances of partially-static data and still admit further optimization. In this
example, (2 + x) + 3 can be simplified to x + 5, or equivalently 5 + x, by exploiting the associa-
tivity and commutativity of addition as a commutative monoid. That said, so far our optimizations
have not exploited any algebraic laws of the operations, which we will improve in this section.

To integrate such an algebraic simplification into our staged evaluation, the optimization needs
to operate at reflection time, interact well with let-insertion, and produce valid object code. It is
not entirely straightforward, since at reflection time, the reflected expression may use intermediate
results introduced by previous let-insertions, and we must choose a suitable algebraic structure
for optimizing the reflected expression.

A common approach is to convert partially static expressions into a canonical representation,
simplify it in that representation by exploiting algebraic laws, and then residualize it back to the
normal form of code. Yallop et al. [103] provided a generic framework for realizing this idea in
Haskell. We adapt the core representation from this framework to our 2-CPS staged evaluator and
use it to implement partially-static data optimizations.

Representing Partially-Static Data. Yallop et al. [103] proposed to model partially-static data as a
free extension, namely the coproduct of an algebra of static values and its corresponding free
algebra generated by dynamic computation. This coproduct gives a uniform representation for
constructing partially-static structures and generating code from them, avoiding ad hoc data struc-
tures. We use it to represent partially static data via the following type classes:
trait Coproduct[Alg[_], A: Alg, B: Alg]:
type Coprod // the carrier
given ac: Alg[Coprod]
def inl(a: A): Coprod
def inr(b: B): Coprod
def eval[C: Alg]l(fa: A = C, fb: B = C,
co: Coprod): C
The trait Coproduct requires the carrier type Coprod, two injectors inl/inr, and the eliminator
eva from the coproduct into another algebra C, which is typically the generated code. The trait Free
is the generic free algebra interface, which requires the underlying carrier FreeA, function pvar to
inject a dynamic variable, and pbind to interpret free terms in any algebra.

trait Free[Alg[_1, TI:
type FreeA
given af: Alg[FreeA]
def pvar(x: T): FreeA
def pbind[C: Algl(freeA: FreeA,
f: T=0):¢C

Instantiation. With such a generic interface, we can specialize the coproduct to our framework:
injecting into the left lifts static data (e.g., ENum) into the algebra, while injecting to the right lifts
dynamic components (e.g., EVar) into the corresponding free algebra. The eva function can serve
as the residualization procedure that converts the coproduct representation back to Expr.

With this representation in place, it is straightforward to instantiate the framework for a spe-
cific algebraic structure, such as an additive commutative monoid or a ring. The instantiation also
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decides the concrete canonical representation of the coproduct, for example, a multinomial for a
ring. This representation is informed by the admitted algebraic laws of the underlying algebra.

For our language, we instantiate the static part of the coproduct as the integer ring. The free
algebra for the dynamic component is instantiated as Free[Ring, EVar], where EVar ranges over
the variables introduced by let-insertion. The carrier type Coprod is multinomials, serving as the
canonical representation of partially-static ring structures.

given [A, B](using r: Ring[A], f: FreeRing[B]): Coproduct[Ring, A, f.FreeA] =

new Coproduct[Ring, A, f.FreeAl { type Coprod = Multinomiall[B, A] ... }

We elide the full definition of the coproduct as well as the multinomial representation, which can
be found in the artifact [97].

Reflection-Time Optimization for Rings. To optimize an Expr using the ring algebra, we define a
partially-static data evaluation function evalRingPS$ that re-interprets the original expression as
the ring-algebraic operation over the corresponding coproduct, rather than computing a concrete
value as evalPrim does in constant folding.

def evalRingPS(expr: Expr)(using c: Cache): RingNF = expr match

case EBinOp("+", e;, e,, _) = evalRingPS(e;) & evalRingPS(e,)

case EBinOp("*", e,, e,, _) = evalRingPS(e;) ® evalRingPS(e,)

case EVar(x) if c.inv.contains(x) && c.inv(x).isPure = evalRingPS(c.inv(x))

case ENum(i) = sta(i)

case e = dyn(e)
The type RingNF abbreviates the carrier of the coproduct instance for the ring algebra, whose un-
derlying representation is a multinomial. Static values are injected into the left of RingNF using
sta, whereas non-algebraic operations and impure expressions are treated as dynamic values and
injected into the right side using dyn.

Finally, we define a reflector reflectPS that applies this optimization during reflection. To achieve
this, we define an extractor object OptimizableRingExpr that recognizes ring expressions that are
not already in the normal form, and then returns the expression optimized through the canonical
representation computed by evalRingPS.

def reflectPS(k: Cont, y: MCont)(using c: Cache): Expr — Ans =

case OptimizableRingExpr(optExpr) if Opt("ps") = renormalize(optExpr, Kk, V)
After obtaining the optimized expression optExpr, we use renormalize (introduced in Section 9) to
reflect it into the residual program conforming to ANF.

Supporting Mixed Algebraic Structures. In a simple language like ours, it may suffice to focus on a
single algebra, such as rings, and treat all other expressions as dynamic terms. However, the object
language may involve operators from different algebraic structures, and it would be desirable to
optimize them all.

To optimize partially static expressions over mixed algebras, we could extend evalRingPS with
additional cases for their operations. However, when multiple algebras are involved, different
subexpressions may belong to different structures and satisfy different equational laws, requir-
ing distinct canonical representations. In some cases, such as the integer ring and monoid, the
subsuming algebra and its canonical representation can be used uniformly for these subexpres-
sions. In general, however, combining different canonical representations into a single one is not
straightforward. An alternative is to use equality graphs (e-graphs) [62, 91, 99] as a general repre-
sentation. E-graphs would also make it possible to customize the algebraic laws and corresponding
optimizations simply by adding rewrite rules. We leave the integration of e-graph-based optimiza-
tion into 2-CPS staging and its interaction with let-insertion to future work.
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def 1ift(k: Cont)(v: Value, y: MCont)(using c: Cache): Ans = v match
// other cases unchanged and omitted ...
case VClo(x, body, p) =
val y = fresh()
reify(body, p + (x — VCode(EVar(y))), { case VCode(e) =
if (Opt("lam-hoist"))
val c; = BiMap((EVar(y) — vy))
hoist(e, { case (VCode(e,), y1) = reflect(ELam(y, e;), idK, vy1) },
{ case VCode(e,) = renormalize(e,, k, y) })(using c;)
else
reflect(ELam(y, e), k, y) // same as before if hoisting is disabled
i3]

Fig. 7. Lifting values with A-hoisting.

11 Optimization: Code Motion

So far our optimizations under ANF have been mostly local: they decide when to insert bindings
(e.g., constant propagation) or what to insert (e.g., constant folding and f-inlining). Another class
of optimizations concerns where code is placed. These code motion optimizations affect the sched-
uling of computation and can enable further improvements such as CSE.

Code motion comes in many forms, such as code hoisting, sinking, or loop-invariant code mo-
tion. Their common theme is moving code across scope boundaries. In this section, we use A-
hoisting, i.e., lifting computations out of function bodies, as a running example to demonstrate
how code motion can be realized in our framework. The key idea, again, is to leverage the two
continuations to separate let-bindings into different contexts.

A-Hoisting. If a computation inside a function does not depend on the function argument and is

effect-free, it can be beneficial to lift it outside the function, avoiding redundant computation for

each call. For example, consider the following two snippets contrasting the effect of A-hoisting:
// object code without hoisting:

let f = Ax.
let t = 1000 * 1000 in
let z = x + t in z in
let v = (1) in
let w = f(2) in ...

// optimized code after hoisting:

let t = 1000 * 1000 in

let f = Ax. let z = x + t in z in

let v = f(1) in

let w = f(2) in ...

The optimal code only computes 1060 * 1000 once, while the non-optimal code computes it once
per call to f.

To implement A-hoisting, we modify 1ift when converting a closure into an object A-term
(Figure 7). In the continuation of reification, we have obtained the generated function body e.
If hoisting is enabled, a helper function hoist is applied to transform e; otherwise, the body is
reflected unchanged. The role of hoist is to partition let-bindings, based on a dependency analysis,
into those that should remain inside the function body and those that can be moved outside the
function. It takes two continuations: (1) The first receives the residual function body e, and a meta-
continuation y,, then reflects an ELam term with idK (i.e, (v,y) = y(v)) andy, which then inserts
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the lifted bindings, and (2) the second (i.e., the meta-continuation) receives e,, then renormatlizes
the entire function term that is now surrounded by the lifted bindings. The renormalization is
necessary to restore ANF after hoisting, since the lifted term e, may not be a single expression, but
a block of let-bindings. When calling hoist, we also construct a new cache c, that only tracks the
function parameter y, since we now enter a new scope and the argument is the root of dependency.

The implementation of hoist relies on an analysis hoistable to decide whether a let-binding can
be hoisted. In either case, we recurse on the body, but accumulate bindings in different continuations.
Hoistable bindings are accumulated in the meta-continuation, which is the continuation after the
function body is reflected (i.e., the meta-continuation received by the continuation passed to hoist),
thus placed outside the function; the rest are accumulated in the ordinary continuation and remain
inside the function body, eventually passed to the caller’s continuation.

def hoist(e: Expr, k: Cont, y: MCont)(using c: Cache): Ans = e match

case ELet(x, rhs, body) if hoistable(rhs) =
hoist(body, k, { case VCode(lam) =
y(VCode(ELet(x, rhs, lam)))
})(using ¢ + (rhs — x))
case ELet(x, rhs, body) =
hoist(body, { case (VCode(bodyl), y1) =
k(VCode(ELet(x, rhs, bodyl)), v1)
}, v)(using ¢ + (rhs — x))
case _ = k(VCode(e), v)

One simple heuristic for determining whether a let-binding is hoistable is to require that the
expression is pure and independent of variables already scheduled in the function body, which we
can check via the cache:

def hoistable(e: Expr)(using c: Cache): Boolean =

e.isPure && e.freeVar.intersect(c.allVals).isEmpty

Discussion. We have now reached the end of our optimization tour. Our goal has not been to
develop efficient implementations with production-ready heuristics, but to show how the 2-CPS
structure naturally accommodates these optimizations as modular extensions, using only simple
data structures. Still, practical optimizers must make additional choices of when to apply these
optimizations.

One classic distinction is between shrinking and non-shrinking optimizations [5]. Function in-
lining, for example, is non-shrinking: it may improve performance, but must be controlled by
heuristics such as function size and call frequency to avoid excessive code growth. Hoisting raises
a different trade-off. In the example above, a binding is lifted at the cost of introducing a free vari-
able for the function. In this particular case, no closure allocation is needed, since the call site can
pass the free variable directly rather than packaging a closure [77] as the call site and function
share the same scope. In general, however, hoisting may introduce runtime closure allocation.

Both DCE (Section 8) and A-hoisting rely on a dependency analysis, and are dual in spirit. DCE
removes bindings that are unused by computations below; hoisting lifts bindings that are inde-
pendent of computations above within a scope. Both are driven by dependency analysis, and both
fit elegantly into our framework through the two continuations. Our dependency analysis tracks
only data dependencies; however, for languages with references or other effects, eliminating or
moving effectful code would require a sophisticated analysis that also tracks effect dependencies.
We leave this extension to future work.
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12 Extensions

We have presented our let-inserting staged evaluation semantics from various perspectives, to-
gether with a spectrum of object-code optimizations. Now, we continue the journey by discussing
a few orthogonal extensions to the core calculus, including mutable state, recursion, and the sim-
ulation of MetaML-style quotations via by-name evaluation.

Mutable References and Recursive Functions. It is possible to extend our evaluators and abstract ma-
chines to support recursive functions and ML-style mutable references using standard techniques.
The extension adds a store to the semantics, which maps locations to values. Environments now
map variables to locations instead of values. Values are allocated on the store, and the store is
threaded through the evaluation as an additional component of the answer type. The following
definitions show the type signature of the extended evaluator:

type Env = Map[String, Locl

type Store = Map[Loc, Valuel

type Ans = (Value, Store)

type Cont = (Value, Store, MCont) = Cache ?= Ans

type MCont = (Value, Store) = Ans

def eval(e: Expr, p: Env, o: Store, k: Cont, y: MCont)(using Cache): Ans = ...
Constructs for ML-style mutable references (i.e., ref, read, and write) and recursive functions (e.g.,
fix) can be straightforwardly added to the syntax. Their semantics follows standard techniques [30,
68]. Once we have first-class mutable references across stages, their interaction can be subtle: for
example, lifting a reference from the first stage to the second stage would require cross-stage
persistence [36], and storing open code values in references can lead to scope extrusion issues.
This pearl does not address these issues, which remain active areas of research [12, 56, 86].

By-Name Staging. Readers may notice that the evaluators and the CEKM machine uniformly en-
force call-by-value for both static and dynamic computation, with call-by-value for the latter en-
forced via let-insertion. In contrast, MetaML-style quotation delays evaluation: quoting <e> does
not evaluate e, but produces a syntactic code value that can be copied.

This difference is visible with the following example where a first-stage function constructs
second-stage addition. The argument to the function is a quoted application <f()>. In a MetaML-
style system with quotation and splicing (written ~ below), the application f() is duplicated in the
generated code, potentially duplicating effects if () has any:

// MetaML-style

(Ax. < ~x + ~x >) <fOQ)> — £ + fO
A direct translation of the MetaML-style program into our calculus is as follows: instead of using
explicit quotation and splicing, addition and application (written @) are annotated with superscript
2, indicating that they are dynamic.

// Our calculus

(Ax. x +2 x) @20 — let x = f() in let y = x + x in y
The let-inserting staged evaluation ensures the application is evaluated once and shared.

Just as MetaML-style staging could enforce call-by-value evaluation through let-insertion [51],
a uniform let-inserting semantics can also support by-name staging via explicit thunking and forc-
ing. This is also the pattern used in practice: LMS exploits Scala by-name parameters to express
control flow (e.g., conditionals) that delays evaluation into specific scopes.

To model this behavior, we extend the language with by-name functions (or dually, by-name
applications), which evaluate to closures VBNClo. When such a closure is applied, the argument
term is packaged as a thunk VThunk and forced only when the corresponding variable is looked up
in the environment. This semantics is implemented by the following change to the evaluator:
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def eval(e: Expr, p: Env, k: Cont, y: MCont)(using Cache): Ans = e match
case EVar(x) = p(x) match
case VThunk(e, p) = eval(e, p, Kk, V) // forcing
case v = k(v, vy)
case EApp(e,, e,, Sta) =
eval(e,, p, {

case (VBNClo(x, body, pf), vi) = // by-name application (thunking)
eval(body, pf + (x — VThunk(e,, p)), k, vy1)
case (VClo(x, body, pf), vl) = // by-value application
eval(e,, p, { case (v,, y2) = eval(body, pf + (x = v,), k, v2) }, y1)
Fov)

// other cases same as before
With this extension, MetaML-style quotations and syntactic duplication can be simulated by writ-
ing by-name functions. For example, the previous program, rewritten using a by-name abstraction,
generates the same duplicated applications as MetaML-style systems:
// Our calculus extended with by-name functions
(Apx. X +2 x) f@°() — let x = f() in let y = f() in let z = x + y in z

13 Related Work

In the Introduction and throughout the paper, we have already discussed the connections between
our work and a wide range of related work. Here, we discuss a few additional connections and
related work that we did not have the chance to discuss in the main text.

Semantics. Our reconstruction in Section 2 closely follows the stateful evaluator for LMS-style
staging presented by Rompf [71] and Amin and Rompf [4], with a few presentational differences.
First, we use named variables in both the evaluator and the representation of accumulated let
bindings, whereas Rompf [71] uses de Bruijn levels. Second, we extend the core language with
recursion along with mutable references, while Amin and Rompf [4] support recursion via self
references. The calculus of Amin and Rompf [4] also generalizes the evaluator to multiple stages;
the same extension could be adopted here, but we present the two-stage setting for clarity.

In this pear], we have focused on building executable semantic artifacts for LMS-style staged
evaluation. For let-inserting staged evaluation of this kind, Amin and Rompf [4] developed the
Ay -calculus and its reduction semantics, and Tan and Wei [90] further developed type systems
and examined its meta-theoretic semantics-preservation property, i.e., the generated code is con-
textually equivalent to the original annotation-erased program.

For MetaML-style languages, Taha [84] presents both big-step and reduction semantics. Ge and
Garcia [35] develop an environmental abstract machine semantics for MetaML. These accounts do
not address manual or automatic let-insertion. In the presence of effects, delimited control and the
CPS hierarchy are established techniques for let-insertion, both in partial evaluation [19, 27, 38, 55]
and in various multi-stage programming systems [46, 51, 52, 74]. In this pearl, the same ideas are
made explicit through a 2-CPS definitional interpreter and its defunctionalized abstract machine.

Internal Representations and Optimizations. Our development uses ANF as a textual intermediate
representation for object code. The Squid [65, 66] staging library also implements an ANF internal
representation. In contrast, LMS [74] represents code using a graph-based intermediate represen-
tation, also known as sea-of-nodes IR [9, 16]. Graph-based representations permit flexible code
motion and many optimizations efficiently. For example, common subexpression elimination can
be realized via hash consing, f-inlining via graph substitution/rewiring, and dead-code elimination
via a reachability analysis.
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Although our object code is represented as ANF, it can also be read as a dependency graph: each
let-binding corresponds to a node, and free variable occurrences induce edges to earlier bindings.
It would be interesting to investigate a functional graph-based representation that preserves the
modularity of our evaluator while enabling more efficient analyses.

The code motion optimization is found in other staging systems too. For example, MetaOCaml
uses genlet to lift bindings as far outward as permitted by data dependencies [51]. For partially
static data, we adopt the free extension of algebras proposed by Yallop et al. [103]. Thiemann [92]
proposed the notion of partially-static operations, exploiting algebraic laws in partial evaluation.

Partial Evaluation and Normalization by Evaluation. LMS draws inspiration from type-directed par-
tial evaluation [19] and normalization-by-evaluation [6], and so do our staged evaluators. For in-
stance, lifting a closure to an object A-term corresponds to two-level y-expansion in TDPE. More
broadly, the staged evaluator can be viewed as an online partial evaluator for a binding-time anno-
tated language [63]. Recent work has continued to explore evaluation-based accounts of staging;
for example, Kovéacs [54] proposed a “staging-by-evaluation” algorithm, analogous to normaliza-
tion by evaluation. Our setting differs in that it preserves the order of effects with automatic let-
insertion and integrates optimizations directly into staged evaluation.

14 Conclusion

This pearl begins by reimagining what a standalone language for LMS-style staging and optimiza-
tions would look like. To that end, we developed a sequence of definitional interpreters and ab-
stract machines for let-inserting staged evaluation through the lens of continuations, together with
a spectrum of object-code optimizations using functional programming techniques. Many of these
optimizations admit simple and elegant implementations as small extensions to the 2-CPS staged
evaluator. We also toured a few exotic aspects of staging, such as the conflict between intensional
analysis and optimization.

By providing an operational account of LMS-style staged evaluation equipped with automatic
let-insertion and object-code optimizations, this pearl bridges the gap between practical staging
framework implementations and their semantic artifacts. We hope this pearl serves both as a clean
description and a practical reference for implementing LMS-style staged evaluation in other lan-
guages, or just as a standalone language in its own right.

Data Availability Statement

Our artifact includes the full implementation of the evaluators, abstract machines, optimizations
and a test suite. The artifact is available at https://doi.org/10.5281/zenodo.20373714 [97] and https:
//github.com/instar-lang/instar-lang/tree/icfp26.
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